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Abstract 

We present a list of all isomorphism classes of nonsolvable Lie algebras 
of dimension < 6 over a finite field. 



1 Introduction 

During the last years people have been very successful in classifying groups up 
to an order of 2000 and compile them into the computer program GAP and 
MAGMA. This makes it possible for group theorists to test conjectures or find 
counterexamples, and this has turned out to be a very fruitful procedure. 

It seems therefore a desirable task to do something similar for Lie algebras. 
There is an old result of Zassenhaus and Patera ( 8 ), who classify solvable 
Lie algebras up to dimension 6 over finite fields. Quite recently, W. de Graaf 
corrected and extended their work (0). In particular, he listed all at most 
4-dimensional solvable Lie algebras over arbitrary fields. C. Schneider worked 
on nilpotent Lie algebras over small fields (0). He classified all such algebras of 
dimension at most 6 over finite fields of characteristic > 2. Due to C. Schneider, 
W. de Graaf and others a computer program for nilpotent Lie algebras is under 
way, which at present might allow an inductive classification for probably at 
most 6-dimensional nilpotent Lie algebras over finite fields. 

Appearantly, not much is known so far about nonsolvable Lie algebras over 
finite fields. It turns out that for these classes of Lie algebras methods are 
useful which have been developed in the course of the classification of the finite 
dimensional simple Lie algebras over algebraically closed fields. In this paper 
we classify all nonsolvable Lie algebras over finite fields up to dimension 6. 

We remind the reader to some concepts and results from Lie algebra theory 
over fields of positive characteristic p. The reader may find details and proofs 
of the following facts in and jH] ■ 

A p- envelope (G, [p], t) of a Lie algebra if is a triple consisting of a restricted 
Lie algebra (G, [p]) and an injective homomorphism i : H G such that the 
algebra generated by l(H) and [p] is G. Such p-envelopes always exist, and 
finite dimensional p-envelopes exist if H is finite dimensional. The p-envelope 
of a subalgebra H of a restricted Lie algebra (G, [p]) is the algebra if[ p ] C G 
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generated by H and [p] (with t the inclusion). 

Let H C G be finite dimensional Lie algebras, (G p , [p],i) be a p-envelope of 
G and -ff[ p ] the p-envelope of l(H) in G[ p j. Then dim H[ p ^/H^ n G(G[ p j) < 
oo (as G is finite dimensional), and H^/H^ fl G(G[ p j) carries a natural p- 
mapping inherited by the p-mapping of flu . The maximal dimension of tori in 
-ff[ p ]/-ff[ p i D G(G[ p i) is called the toral rank TR(H, G) of H in G. This number 
is independent of the p-envelope chosen. If H = G, then TR(G) := TR(G, G) 
is called the absolute toral rank of G. This concept is of importance in the 
classification theory of finite dimensional simple Lie algebras over fields of pos- 
itive characteristic because in general finite dimensional restricted Lie algebras 
contain maximal tori of various dimensions. In contrast, if G is nilpotent then 
any finite dimensional p-envelope Gu is also nilpotent and contains a unique 
maximal torus. 

Let iV be a nilpotent subalgebra of a finite dimensional Lie algebra G. The 
primary decomposition of G with respect to N is described in §1.4] (in par- 
ticular in Theorem 1.4.3). If the ground field k is algebraically closed, irre- 
ducible polynomials over k are linear and therefore there are eigenvalue functions 
a : N — > k such that 

G = ® a G a (N), G a (N) := {g E G | {&dx - a(x)ld) dim G (g) = Vie G N}. 

These eigenvalue functions are not necessarily linear functions on N . Sometimes 
they are called extended roots. The set of extended roots (including 0!) is 
denoted by T(G,N). 

If the ground field k is arbitrary, then we don't necessarily have eigenvalue 
functions available. Nevertheless, the Fitting decomposition of G with respect 
to an element x is of major importance. There is always the decomposition 

G = G (ad x) © Gi(adx) 

where x acts nilpotently on Go(adir) and invertibly on Gi(ada;). 



Let 0(m) denote the commutative and associative fc-algebra with unit ele- 
ment defined by generators 



and relations 



(r) 

z , 1 < i < to, r > 



Put Xi := x^, x^l := x[ ai) ■ ■ -x^ m) for a £ N m . Then (x {a "> \ Oj > 0) is a basis 
of 0(m). For any m-tuple n = (n±, . . . , n m ) G N m we set 

0(m;n) := span{x {a) | < a, < p n ' - 1}, 

and observe that this is a subalgebra of 0(m) of dimension p™ 1 " 1 l "" m . 
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The following subset of derivations 

W(m) := {D e DcrO(m) | D{x ( [ ] ) = x ( [' 1] Vi = l,...,m, Vr > 0} 

is a Lie algebra, the algebra of special derivations. Accordingly, 

W(m; n) := W(m) n Der 0(m; n) 

is a Lie algebra of Witt type. It has finite dimension mp" H h " m . The partial 
derivatives are defined by ) = &i,j%f ^ for arbitrary i, j = 1, .. . , m and 

all r > 0. 

These definitions can be done over arbitrary fields k. Sometimes in our context 
the ground field will play an important role. In such a situation we will insert 
the notion of k by writing 0(k\m; n) and W(k\m;n). We will, however, suppress 
the notion of the ground field whenever it is clear which ground field is meant. 
For the definition of the series of Cartan type Lie algebras we refer to the 
Definitions 4.2.1 and 4.2.4 of 6 . They only occur once in the present paper. 
It is sufficient for our purposes to mention that W(l; 1) is the only Lie algebra 
of Cartan type over a field of characteristic p > 3, which has dimension < 6. 
Also, W(m;n) is simple except if m = 1 and the ground field has characteristic 
p = 2. In the latter case W(l;ri)^' is simple of dimension 2" — 1. 

The precedure of our investigations is as follows. We first determine the 
semisimple Lie algebras of dimension < 6 over an algebraically closed field. 
Then we describe the forms of these algebras, i.e., Lie algebras L over a finite 
field k for which L <£>kk (k the algebraic closure of k) is isomorphic to one of 
these semisimple Lie algebras. In a third step we consider the extensions 

-» rad L/rad (L) -» 0. 

The results of the first and second step can be formulated with only little de- 
pendency on the characteristic of the ground field and the dimension of the Lie 
algebra. Up to dimension 5 the number of isomorphism types of arbitrary Lie 
algebras is strongly limited. However, there is a rather long list of isomorphism 
types of 6-dimensional Lie algebras. In particular, the characteristic 3 case is 
somewhat massy. 

2 Semisimple Lie algebras 

We mention an important principle to construct ideals in a Lie algebra. 

Lemma 2.1 (cf. Proposition 1.3.5]) Let G be an arbitrary Lie algebra which 
is finite dimensional over an algebraically closed field of positive characteristic, 
and N C Der G a nilpotent subalgebra. Then 

tier(L.N)\{o} \,ner(L,N)\{o} 

is an ideal of G. 
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Proof. Note that the Fitting- 1-component of G with respect to N is G\(N) = 
Y^neriL N)\{0} The statement is a direct consequence of this observation 
and Proposition 1.3.5 of [Bj. □ 

This lemma will often be applied when N = T is a torus of Der G or N is a 
subtorus To := n A(e r cr(G,T) ker/x of a given torus T. 

Lie algebras of dimension < 3 as well as 3-dimensional Lie algebras contain- 
ing a proper ideal are solvable. Therefore every at most 3-dimensional nonsolv- 
able Lie algebra is simple. 

Theorem 2.2 Let G be a simple Lie algebra over an algebraically closed field 
F of characteristic p > 0. Suppose dimG < 6. Then G is 3-dimensinonal or 
p = 5 and G = W(l;l). 

Proof. Let H be a Cartan subalgebra of G, let Hip\ be the p-envelope of H 
in DerG, and T denote the maximal torus of the nilpotent algebra Hm. Let 
G = X^er(G t) ^> denote the root space decomposition of G with respect to 
T. 

(1) Consider the case p > 2. 

(1) Suppose dimT > 1. The simplicity of G implies H = X^^oI^-A" 
(Lemma 12. 1|) . As H ^ {0}, there is a nonzero root a for which —a is a root. 
The present assumption dimT > 1 yields that T n kera ^ {0}. Choose a toral 
element t € T PI ker a and decompose G = X^gf C,; into the t-eigenspaces. 
Note that H + G_ Q + G a C Go, whence dim Go > 3. The simplicity of G yields 
G o = E^oP-j'^Ii and therefore 

(p-D/2 

^ (dimG_i)(dimGi) > dimG > 3. 

i=l 

On the other hand, dimG; = dimG — dim Go < 3, which contradicts the 

former inequality. 

(ii) As a result, dimT = 1 holds. This means in other words, that H has toral 
rank TR(H, G) = 1 in G. Now .6, Theorem 9.2.11] shows that G is one of 

s((2), W(l;n), H(2;n; $) (2) . 

Note that dimi?(2;ri; $)( 2 ) > p 2 - 2 > 7 and dimV7(l;r7,) = p n . Consequently, 
no Hamiltonian algebra occurs, and the only algebra of Witt type occurring is 
W(l; 1) for p < 5 (which is p-dimensional). 

(2) Consider the case p = 2. 

(i) Suppose dimT > 1. The simplicity of G implies 

H = ^[G M , G p ]. 
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Therefore there is a nonzero root a for which dimG Q > 2. Choose a toral 
element teTn ker a and decompose G = Gi © Go into the i-eigenspaces. As 
before we obtain dim Go > 3, dimGi < 3, and 

^ (dimGi) (dimGi - 1) = dim Gi A Gi > dimG . 

But then 

dimGi = 3, dimG a = 2, dimi? = 1. 

Note that Go and G\ are T- invariant. The simplicity of G implies that G 
C, + [Gi,Gi] (Lemma EH. Then [G U G X ] = G and one gets H C [Gi,G x \. 
Therefore there is a root with [dimG^ (~l G\,d\mGp (~l Gi] ^ {0} and hence 
dimG^ n Gi > 2. The simplicity of G also implies that there is a root 7 
for which [G 7 PI Gi,G Q ] 7^ {0} (otherwise [G Q ,Gi] = {0} and the equality 
G = Gi + [Gi, Gi] would imply that G a is contained in the center of G). Hence 
a + 7 is a root on Gi. For dimension reasons the roots 0, 7, a + 7 cannot 
be distinct. Therefore it is only possible that /3 = 7 or /3 = a + 7. Again 
by dimension reasons we conclude that T(G,T) — {0,a, /?, 7}. Lemma f2. II also 
implies that for every nonzero root k one has G K = ^2^ K [G\, G K +\\. Since 
dimGi = 3, we now have 

G = H © G Q © Gp © G Q+/3 , 

dimG Q = dimG^ = 2, dimG a +/3 = 1, 

[G a , G a ] — [Gp, Gp] = H =: Fh, 

[G a , G a +p] = Gp, [Gp, Ga+p] = G a , [G a , Gp] = G a +p. 

Choose a basis e a ,f a of G Q such that [h, e a ] — a{h)e a . Adjusting f a by a 
nonzero scalar we may assume that [e a , f a ] = h. Since dim G Q = dim Gp — 2 
and dim [G a ,Gp] = 1 there are linearly independent elements ep,fp € Gp for 
which 

[e a ,ep] = [fcfp] = 0. 

As e Q is an /i-eigenvector we may take ep as an /i-eigenvector as well. Adjusting 
fp by a scalar we obtain in total 

[h, e a ] = a{h)e a , [e a , f a ] = h, 

[h,ep]= (3(h)ep, [epjp] = h, 

[e a ,ep] = [f a ,fp] = 0. 

Since [e a , fp], [f a ,ep] G G a+ p and G a+ p is 1-dimensional, 

= [[e a , fp], [f a ,ep]] = [[e a , [f a , ep]], fp] + [e a , [fp, [f a ,ep]]] 
= [[[e a ,f a ],ep],fp] + [e a , [f a , [fp,ep]]] 
= [[h,ep],fp] + [e a , [f a ,h]] = [[h,ep],fp] + [f a , [e a ,h]] 
= (j3{h) + a(h))h. 
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But then a + [3 vanishes on H . Then it vanishes on T, which is impossible. 

(ii) As a result, dimT = 1. Then there is only one nonzero root a, 

G = H®G a - 

Suppose acts nonnilpotently on G a . Then dimH > 3, and there is a 

composition factor of a i/-composition series of G a having dimension > 1. 
Every irreducible -ff-module has 2-power dimension (0 Corollary 3.2.8]). As 
dimG Q = dimG — dimH < 3, it can only be that dimG Q = 2. But then 
H = [G a ,G a ] would be 1-dimensional. As a consequence, acts nilpotently 
on G a . 

(iii) Let Q denote a maximal subalgebra of G containing H. Then L = G a + Q 
and Q = H + G a fl Q. Since [G a , G a ] C H c Q and H^> acts nilpotently on 
G, one has that QW C + G a n Q + [G a D Q, G a n Q] acts nilpotently on 
G/Q. Then {x e G | [x, cQ}3Q and is Q-invariant, and therefore G/Q 
contains a Q-eigenvector, 

3yeG\Q, [Q,y]cF» + Q. 

We obtain that Q + Fy is a subalgebra of G, and the maximality of Q implies 
G = Q + Fy. In particular, G/Q is Q-irreducible. Define a standard filtration 
of G (cf. p. 168]), 

G ( _ 1} := G, G ( o) := Q, G (m) := {x e G (i) | [G,x] C G (i) } for i > 0. 

Note that dimG/G(o) = 1, and therefore dimG(j)/G(i + i) = 1 holds whenever 
G(i) is nonzero. Set q :— dimG — 2 and let grG :— ©f = _ 1 G( i )/G( i+ i) denote 
the associated graded algebra. Choose a homogeneous basis for gr G, 

gr_iG =: Fe_i, gr g G =: Fe q , e t := [e_i,e i+ i] for < i < q - 1. 

We may adjust e q by a scalar so that [eo, e_i] = e_i. Then 

gr i G = Fe i) i = -l,...,q, 

[e_i, e<] = ej_i, i = 0, . . . , g, 

[ei.ej] € gr 4+J G, i + j > -1, 

and one easily proves by induction that [eo, ej] = ie^ holds for all i = — 1, . . . , q. 
The simplicity of G implies dimG > 3, whence q > 1. The case g = 1 is the 
claim. Suppose q > 2. Then 

[e_i, [ei, e 2 ]] = [[e_i, ei], e 2 ]] + [ei, [e_i, e 2 ]] = [e , e 2 ] + [ei, ei] = 0, 

whence 

[ei,e 2 ] = 0. 

If, moreover, q > 2, then 

[e_i, [ei, e 3 ]] = [e , e 3 ] + [e x , e 2 ] = e 3 , 
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whence [ei, 63] 7^ and q > 4. Next, 

[e_i, [ei,e 4 ]] = [e ,e 4 ] + [ei,e 3 ] = [ei,e 3 ] 7^ 0. 

Then [ei, e 4 ] 7^ and g > 5. But then dimG > 7, a contradiction. 

Consequently, q = 2 under the present assumption and dimG = 4. If dim H 
would be bigger than 1, then only dim G a — 2 is possible and this gives dim H < 
dim [G a ,G a ] < 1. This contradiction shows that H =: Fh is 1-dimensional. 
Note that h E G( ) \ G(i). Hence + G(i)) = Fe . Choose a preimage h! of 
e2 in G(2). As [eo,e2] = 0, one obtains [/i, ft'] E G( 3 ) = {0}. Then h! E H. But 
if is 1-dimensional, and this contradiction completes the proof of the theorem. 

□ 

Using this result we can determine the scmisimple Lie algebras over a finite 
field to some extent. 

Definition 2.3 Let L be an arbitrary Lie algebra and M be an irreducible L- 
module. Set 

C(M, L) := {/ E EndM | f(x.m) = x.f(m) Vx E L, Vra E M}. 

If L is simple, then set C(L) := C(L, L). 

Schur's lemma shows that C(M, L) is a division algebra. Suppose the ground 
field k is finite and M is finite dimensional over k. As C(M, L) is finite dimen- 
sional over the finite field fc, it is finite. Now Wedderburn's theorem proves 
that C(M, L) is a finite field extension of k. Note that M is a vector space over 
C{M,L). 

Theorem 2.4 Let L be a semisimple Lie algebra over a finite field k of dimen- 
sion < 6. Let k denote the algebraic closure of k. 

If p = 2, then one of the following holds. 

1. L = LiQ)L 2 is the direct sum of simple 3-dimensional Lie algebras Li,L 2 ; 

2. L is simple, C(L)/k is afield extension of degree 2, and L is 3-dimensional 
over C(L); 

3. L has a simple 3-dimensional ideal S, and L C DerS 1 . 
If P> 3, then one of the following holds. 

1. L = L\ © L 2 , where Li are simple and Li®kk = sl(2, k) (i = 1, 2); 

2. L is simple, C(L)/k is afield extension of degree 2, and L(E>c(L)k = st(2, k); 

3. L® fc fc = s[(2,fc); 

I p = 5 and L = W(k\l:l). 
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Proof, (a) Let ©* =1 £i denote the socle of L, i.e., the direct sum of all minimal 
ideals. The minimality of Li implies that every L,; is i-simple. Definition 12.31 
applies for M = L^. Then fc, ; := C(L i; L) is a finite field extension of k. Observe 
that Li is a nonsolvable Lie algebra over ki. Therefore 



Consequently, if t > 2, then L = L\ ® L2, ki — k, and dim^ Li — 3 for i = 1,2. 
In particular, Li, L2 are simple Lie algebras in their own right. 
If t = 1, then only k\ — k, or 



are possible. In the latter case L is a Lie algebra over k\ , hence is simple (as it 
is 3-dimensional nonsolvable). 

(b) If t = 2, then (a) implies that L\^Li are central simple over k. It is well 
known that in this case Li ®k k again is simple. Then L <E>fc fc = {L\ ®k k) © 
(Li ®u k) is the direct sum of simple Lie algebras of dimension 3 over k. If 
p > 3, this gives Li (8>fe fc = sl(2, fc). 

Similarly, if f = 1 and fci ^ k, then L ©^ is simple and 3-dimensional. As 
above, if p > 3 then this algebra is isomorphic to sl(2, k). 

(c) We finally consider the case that L has a unique minimal ideal L\ =: S, 
and ki — k. As S is L-simple, the associative algebra generated by adgL is 
End fc 5 (Wedderburns's theorem, observe that EndL(S') = C(S,L) — k). Then 
the associative algebra generated by ad^ s ^ k j,^(L k) is Endfc(5 ®fe k), and 
therefore 5 ®fe k is (L ®fc fc)-simple. Due to Block's result (see [HI Corollary 
3.3.3]), S ®fc k = S' ®fc Ofe(m;n), where 5" is a simple Lie algebra over k and 
m > and n € N m . For dimension reasons it is only possible that m = and 
5' = S 1 <8>fc fc, or m = 1 and n = 1 and p = 2 and 5' is 3-dimensional. However, 
in the latter case a dimension argument yields L®}~k = S' (8 Oj.{l; 1) = S <E>kk, 
whence L = S and S is central simple over fc. But then SiSife would be simple, 
a contradiction. 

As a result, m = and S' = S <g>k k is a simple Lie algebra over k. Theorem 
12.21 shows that S ®k k is 3-dimensional or is isomorphic to 1) (in case 

p = 5). In the first case S is 3-dimensional, and since L is semisimple it embeds 
into DerS 1 . This solves the case p = 2. 

Now assume p > 3. As every 3-dimcnsional Lie algebra over an algebraically 
closed field of characteristic p > 3 is isomorphic to 5 [(2), and this algebra only 
has inner derivations, we have in the first case that L ®jt A; = S ®kk = st(2, k). 
Finally, it remains to consider the case that p = 5 and S ®£ k is isomorphic 
to W(fe|l;l). We observe first, that W^A^l;!) has only inner derivations and 
is a restricted Lie algebra. Then L <S)k k = S ®k k and hence L = S. 
Theorem 13] states that there is a commutative algebra A — k[X]/(X 5 — 
for which L = Der^l. Since k is finite, it is perfect. There exists 77 € k with 




i=l 



i=l 



i=l 



dimfc fci = 2 and L — L\ and dim/^ L = 3 
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n 5 = £. Set Y := X - r\ to obtain A = k[Y]/{Y rc >) = £>(fc|l; 1). This shows that 
L = Der.A = W(fc|l; 1) and thereby completes the proof of the theorem. □ 

3 Lie algebras of dimension 3 

In this section we determine all 3-dimensional Lie algebras over a finite field fc 
and the small dimensional irreducible modules for the simple ones. 

If p = 2, then the perfectness of the finite held k implies that k* = (k*) 2 :— {£ 2 
£ S k*}. Suppose p > 2. We observe that the homomorphism of multiplicative 
groups k* -> (fc*) 2 , £ h-> £ 2 has kernel {±1} and therefore \k*\ = 2|(fc*) 2 |. This 
shows that 

fc* = (fc*) 2 ifp = 2, 

3S Q G k* so that k* = (fc*) 2 U6 Q (k*) 2 ifp>2. { ' 



Proposition 3.1 The isomorphism classes of solvable 3-dimensional Lie 
algebras R over the finite field k are given by the following representatives. 

1. R is abelian; 

2. R = kh © kx © kz, where [h, x] — x, [z, R] = {0}; 

3. R = kx © ky © kz, where [x, y] = z, [z, R] = {0}; 

4- R = kd © R^- 1 ', where R^ is abelian and the action of d on i?W is given 
by one of the following matrices 



i 


! • 




f 











or 

(i -.)■(! s s)^< (I I)*- 2 - 

Proof. (I) If dimi?^ 1 ^ < 1 only the algebras of 1., 2., 3. can occur (see for 
example page 34]). If dimi?W = 2, then i? = kd®R^ and i?W is abelian 
(see for example page 34]). Thus we only have to determine the action of d on 
Note that d acts invertibly on because R^ = [d, R^] + [R^~>, KM] = 

Let x = T 2 + uT + (3 be the characteristic polynomial of d acting on R^\ If 
a = 0, we may adjust d by a nonzero scalar to obtain — /3 = 1 if p = 2, and 
— (3 e {1, (So} if P > 2 (see equation (3.1)). If a ^ 0, we may adjust d by a 
nonzero scalar to obtain a = — 1. This means that we may assume 



x e {T 2 -l, T 2 -S , T 2 -T + p, (/3efc*)}. 
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(1) Consider the case a = 0. 

If p = 2, then x = T 2 - 1 = (T - l) 2 . Then either d = Id or there is y such 
that [d, y] — y =: x is linearly independent of y. In cither case we may choose 
x, y G such that [d, y] = £x + y, [d, x] = x, £ G {0, 1}. 

Suppose p > 2. If x = T 2 — 1, then x = (T — 1)(T + 1) and we may choose 
x, y G i?^ such that [d, x] = x, [d, y] = — y. 

If X = T 2 — 5q, then d has no eigenvalue in fc. We may choose a basis 
(x,y := [d, x]), and [d, y] = (add) 2 (x) = (5 x holds. 

(ii) Consider the case \ — T 2 — T + (3. If there is a vector x which is not an 
eigenvector, then we may choose a basis (x, y := [d, x]), and [d, y] = (ad d) 2 {x) = 
-fix + y holds. Set £ := -/?. 

Finally, let all nonzero vectors be eigenvectors. Then there is only one eigen- 
value r and x = (T — r) 2 . The requested form for x implies p ^ 2 and r = 1/2. 
Adjusting d we may assume that d = Id. 

(2) We discuss isomorphisms between the exposed algebras. Let a : R — > R' 
be an isomorphism. For an obvious reason we only have to deal with the case 
that R^ and (R')^ are 2-dimensional. Let (d, x,y) and (d',x',y') be bases of 
i? and i?', respectively, for which the action of d and d' on R^ 1 ' and (-R')W are 
given by matrices from the above list. 

Note that <r(d) = rd' (mod (i?')^ 1 )) for some r G fc*. If d acts as the identity, 
then so does d! because no other matrix in the list is a multiple of the identity. 
Next we look at the remaining matrices. The representing matrix for d' with 
respect to (cr(x), cr(y)) is r-times the representing matrix for d with respect to 
(x,y). We therefore have to decide when the respective characteristic polyno- 
mials 

T(T - r) - r 2 £; T 2 - r 2 , T 2 - r 2 S Q (p ± 2); T 2 - r 2 (p = 2) 

matches one of 

T(T-l)-e'; T 2 -l, T 2 -S a (p/2); T 2 - 1 (p = 2). 

It is obvious that only the polynomials for the same type of matrix match and 
in the first case r = 1, £ = £' hold. □ 

The number of isomorphism classes of 3-dimensional solvable Lie algebras 
over a finite field k is 

4+|fc|, ifp = 2, 5+|fc|, ifp>2. 

Next we determine the nonsolvable 3-dimensional Lie algebras. 

Theorem 3.2 Let L be a nonsolvable Lie algebra of dimension < 3 over a finite 
field k of characteristic p. 

Ifp = 2, then L = W(l:2) (1 \ 

Ifp > 3, then L = sl(2,k). 
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Proof. Recall that L is 3-dimensional and simple. 

(1) Consider the case p = 2. Since L is not nilpotent there is h G L which is 
not ad-nilpotcnt. The characteristic polynomial of adh has degree 3. Since is 
an eigenvalue, and tr(adh) = 0, this polynomial is of the form T(T 2 + ot). As 
adh is not nilpotent, a ^ 0. The perfectness of k shows that a = 1 is a square 
in k. Adjusting h we may assume that adh satisfies the polynomial T(T + l) 2 . 
Choose ii,»eIso that 

L = kh® ku® kv, [h, u] — u, [h, v] — v G ku. 

Comparing eigenvalues one gets [u, v] — 7/1, and, as L is simple, 7 7^ holds. 
Adjusting u one may assume 7 = 1. We intend to find a triple (h',u',v') for 
which in addition [h' , v'] — v' holds. The perfectness of k allows to choose /1 G fc 
with fi 2 = X. Put 

b! := h + [iu, v 1 := fiv + Xh + fiu, u' := [i~ 1 u. 

Then 

[h',u'} = u', 

[u 1 , v'] = ii~ 1 {ph + Xu) = h + [iu = h', 
[h' , v'] — [h, v'] + n[u, v'} — \iv + [iXu + fiu + \i{\ih + Xu) 
= fiv + [iu + Xh = v'. 

The identification 

v' = d, ti = xd, v! = x^d 

gives the desired isomorphism. 

(2) Consider the case p > 2. As in the former case there is a mapping q : L — > k 
such that the characteristic polynomial of adx is T(T 2 + q(x)), and there is 
h G L with q(h) 7^ 0. If q(x) = 0, then = —q(x) is the only eigenvalue of 
(adx) 2 . If q(x) 7^ 0, then one can decompose L = kx(BLi(&dx) into the Fitting 
components with respect to adx, and — q(x) is the only eigenvalue of (adx) 2 on 
Li(ada;) = L/kx. Moreover, T 2 + q(x) is the characteristic polynomial of a,dx 
on Li(adx) in this case. 

(i) We intend to show that q is a quadratic form on k 3 . Decompose L — kh®L\ 
into the Fitting components with respect to ad/i (recall that q(h) 7^ and 
T 2 + q(h) is the characteristic polynomial of adh onli). If k contains a nonzero 
eigenvalue a of adh, then —a is also an eigenvalue (and different from a). 
Therefore there is in any case a nonzero vector u G L\ which is not an eigenvector 
for adh. Then u, v := [h,u] are linearly independent and therefore span L\. 
Since (ad ft.) 2 + q{K)\d vanishes on L±, we have [h,v] = —q(h)u. From this we 
deduce that [u,v] G ker(ad/i) = kh. Put [u 7 v] = (3h with (3 G k. If (3 = 0, then 
L\ would be an ideal of L, which is not true. Therefore (3 7^ 0. Next we compute 
[u, [u, v}] — kt, fih] — —0v, and therefore —0 is the uniquely determined nonzero 
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eigenvalue of (adw) 2 . This gives (3 — q(u). The multiplication is now given by 

[h,u] = v, [h,v] = —q(h)u, [u, v] = q(u)h. 

For A, k, [i G fc we compute q(Xh + ku + [iv) as follows 

(ad (Aft + ku + [iv)f(h) 
= [Aft. + ku + [iv, —kv + q(h)[iu] 
= Xnq{h)u + Xq(h)[iv + (—K 2 q(u) — p 2 q(h)q(u))h 
= Xq(h)(Xh + ku + pv) - (X 2 q(h) + K 2 q(u) + p 2 q{u)q(h))h. 

Arguing on L/k(Xh + ku + [jlv) this gives 

<ji(Aft + ku + /if) = X q(h) + K 2 q(u) + [i q(u)q(h). 

Hence q is a quadratic form, q(v) — q(u)q(h) and (h,u,v) is orthogonal with 
respect to the associated bilinear form. 

(ii) Next we intend to find a nonzero element e E L with q(e) = 0. It is a 
standard fact, that every anisotropic quadratic form over a finite field is at 
most 2-dimensional. Since the proof is very short, we give an argument to 
show that every quadratic form occurring in our context is isotropic. Recall the 
definition of 5o from equation (3.1). Adjusting ft, u, v by suitable scalars we may 
substitute q(h), q(u) by any elements of the same residue classes. Thus we are 
only interested in the following quadratic forms 

q=(q(h),q(u),q(u)q(h)) € {(1,1,1), (l,6 ,5 ), (So, Mo), (S ,S ,S 2 )}. 

If —1 G (fc*) 2 (so that —1 = [i 2 for a suitable element [i G k*), then in the 
respective cases we find the isotropic vector 

e := ft + [iu, u + [iv, ft + [j,v, h + [iu. 

If -1 ^ (fc*) 2 , then we may take <5 = — 1. The forms 

(Mo, ^o)> (So, Mo), (So,S ,S 2 ) 

are isotropic, namely there is the isotropic vector 

e := h + u, h + u, h + v 

in the respective cases. It remains to consider the form (1, 1, 1). Suppose that 
for k G F p the following implication holds 

KG(fc*) 2 ^K+lG(fc*) 2 . 

Since 1 G (fc*) 2 this would give the contradiction —1 G (fc*) 2 - Therefore there 
is k G (fc*) 2 for which k + 1 £ (fc*) 2 . Recall that k + 1 ^ because -1 £ (fc*) 2 . 
Then k + 1 G -(fc*) 2 . Set k =: X 2 and -(k + 1) =: p 2 . Then 1 + A 2 + p 2 = 
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and e := h + Xu + pv is isotropic. 

(iii) We have now constructed a nonzero element e G L satisfying e 0, 
(ade) 3 = 0. Clearly, ker(ade) is not 3-dimensional (otherwise e G C(L) = 
{0}). Suppose it is 2-dimensional. Then ker(ade) = fee © kx is abelian, and 
[e, L] C ker(ade) (as ade is nilpotent). Choose y £ ker(ade). We obtain 

[e, [a;, y]} = [x, [e, y]\ G [x, kcr(ad e)] = {0}. 

But then [L,kcr(ade)] C ker(ade), and ker(ade) would be an ideal. This con- 
tradiction shows dimker(ade) = 1, whence ker(ade) = fee. Next suppose 
that (ade) 2 = 0. Then [e,L] C he, which implies that dim L = dim [e, L] + 
dim ker(ade) < 2, a contradiction. Hence (ade) 2 (L) = fee. Choose h G [e,L] 
so that [h, e] — 2e. Next find / G L with /i = [e, /]. We now observe that 
this can only be if 0, ±2 are eigenvalues of ad h. But then all the eigenspaces 
are 1-dimensional, and we may take / as an eigenvector for the eigenvalue —2. 
Consequently L = sl(2, k). □ 

Next we are interested in at most 3-dimensional modules of these simple 
3-dimensional Lie algebras. Recall that for p = 2 the algebra W^l;^ 1 ) is 
simple with basis (d,xd,x^ 2 'd), and C(l;2)/fc is a 3-dimcnsional module for 
this algebra with basis (x + k, x^ + k, x^ + k). 

Proposition 3.3 Let p = 2. 

1. DcrVK(l;2)W = fc<9 2 © 14^(1; 2). 

2. Let a, (3, 7, 5 G k satisfy a5 + (3j = 1. The mapping 

ad + fix {2) d, xd^xd, x {2) d ^ 7<9 + 6x {2) d, 
d 2 1 > a 2 d 2 + af3xd + /?V 3) <9, x {3) d >-> 7 2 d 2 + ^Sxd + 5 2 x (3) d 

defines an automorphism o/Der W(l; 2)W. 

3. Every faithful W (I; 2)^ -module has dimension bigger than 2. 

4- The only faithful W(l; 2)^ -module of dimension 3 is 0(1; 2)/k. 

Proof. (1) Let d denote a derivation of 1-^(1; 2)W. Adjusting d by adding 
suitable multiples of xd, x^d and x^d we may assume that d(d) = 0. Adding 
suitable multiples of d and d 2 we may in addition assume tha,td(x^d) G kx^d. 
Set d(x^d) = ax^d for some a G k. Then = d(d) = d([d, [d, x^d}}) = 
[d, [d, d(x^d)}] = ad. This gives a = and d = 0. 

(2) easy computation. 

(3) Since p = 2, one has that Ql(2) is solvable. But W(l;2)^ is simple and 
therefore does not fit into gl(2). 

(4) Set L := W{1;2)^\ let V be a faithful 3-dimensional L-module and p : 
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L — » gl(V) the representation. By (3) V is an irreducible module. Recall 
that C(V, L) is a field extension of k and V is a C(V, L)-vcctor space. For 
dimension reasons one obtains hat either V = C(V 7 L)v for some v E V or 
C(V,L) = k is true. In the first case there is a mapping $ : L — > C(V,L) such 
that p(x)(av) = ap{x)(v) = a$(x)v = $(x)av for all a E C(V,L). But then L 
would be abelian, which is not true. 

Therefore we have C(V, L) = k. Note that p{d) A , p{xdf + p(xd) and p^df 
are contained in C(V, L). Therefore there are a, /3, 7 S fc for which 

p(<9) 4 = aid, p(x9) 2 + p(a;d) = /?Id, p(jc< 2 >0) 4 = 7M. 

On the other hand, one has tr(p(x)) = for every x E VK(1;2)W (since this 
algebra is simple), and as tr(p(x) 2 ) = (tr(p(x))) 2 for every x whereas fr(Idy) = 
3^0, this gives a = /3 = 7 = 0. Then p(d) 3 = and there is a vector w G V 
for which 

p(x^ 2 ^9)(w) = 0, p{xd){v) — Sv for some 5 E F 2 . 
The irreducibility of V yields 

If (5 = 0, then an easy computation shows that ® 2 =l kp{dy{v) is a proper sub- 
module. Therefore this case is impossible. Then 5=1, and this shows that 
there is only one 3-dimensional irreducible module. This module then has to be 
as claimed. □ 

For p > 3 the algebra sl(2, k) plays a distinguished role in our context. Let 
(e, h, /) be a basis for s[(2, k) which we call an sl(2)-triple if 

[h,e] = 2e, [h,f] = -2f, [e,f} = h. (3.2) 

Note that sl(2, k) is a restricted Lie algebra. If V is an irreducible restricted 
module, then e acts nilpotently on V. The standard procedure shows there is a 
vector v E V for which 

p(e)(v ) = 0, p(h)(v ) = av , a = dim V - 1, and V = (B" =0 kp(fY(v ). 

Also, dimy < p holds. These modules are denoted by V(a). In general, 
p(x) p — p(x^) is, for all x E st(2, k), contained in C(V, L). It is well known that, 
denoting the algebraic closure of k by k, there is a linear form \ ■ sl(2, fc) — > fc 
such that 

p(x) p - p(a;[ p ] ) = x(«) p Id Vie s[(2, jfc). 

The linear form \ is called the character of the representation. We call a k- 
linear form \ '■ s '(2 ; k) — > fc an irreducible character of dimension d, if there 
is an irreducible (i-dimensional representation p : st(2, fc) — > gl{V) such that 
p(x)P = p( X W) + x(x) p ld for all x E sl(2, fc). 

Proposition 3.4 Lef fc fee any ft^d °f characteristic 3 and (e,h,f) an st(2)- 
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1. An element x — ae + {3h + 7/ is ad -nilpotent if cry + /3 2 — and ioreZ ?/ 
«7 + /3 2 = 1. 

2. Let a a j <E GL(sI(2, k)), a £ k*, f3 e k be defined by 

°a,p{e) ■= a/, cr a ,p(h) := -h + a/3/, cr a ,p(f) ■= a _1 e - (3h - a/3 2 f. 

(a) Every <J a ,p is an automorphism o/st(2,fc). 

( b ) < J afl= lA i °i,o °exp(ad/3e) = a^p, ff a ,oo^,o ^,s = 
fcj Every automorphism o/s[(2, fc) is of the form 

07^ or o\_p o 07^ /or some 7 £ fc*, f3,5 € k. 

Proof. (1) Note that (see page 64]) 

= (ae + /3/i + 7 /) [3] 

= a 3 e^ + [ae, [ae, /3ft + 7/]] + [[3h + 7/, [f3h + 7/, ae]] + (f3h + 7 /)l 3 l 
= [ae, a/3e + a7/i] + [f3h + 7/, — a/3e — ajh] 

+ (3 3 hW + [ph, [(3h, 7/]] + [7/, [7/, Ph]] + 7 3 / [3] 
= a 2 7e + a/3 2 e + a/3jh + aj 2 f + /3 3 h + [3 2 ^f 
= (a 7 + /3 2 )ae + (a 7 + /3 2 )/3/i + (a 7 + /3 2 ) 7 / 
= (cry + /3 2 )x. 

This proves the claim. 

(2) (i) To show that o~ a ^ is an automorphism we compute 

[o- a ,/3(e), o- a ^(h)] = [a/, ~h + a/3/] = a/ = 0- Qij g(e), 

ka„9(e), ct q ^(/)] = [a/, a _1 e - (3h - a/3 2 /] = -/i + a/3/ = a a ^{h), 

[o a ,p{h),o- a ,p(f)) = [—h + a[3f, a _1 e - 0h - a/3 2 /] 

= a^e + a/3 2 / - f3h+ a/3 2 f = a a . (f). 

(ii) The equation a 2 = Id is obviously true. 
Next, CT1.0 ° exp(ad/3e) maps 

e onto 0-1,0 (e) = o"i i(3 (e), 

/i onto ai,o{h + (3e) = —h + fif = cr\ t p(h), 

f onto o- ltO (f + f3h-p 2 e) = e-0h-p 2 f = o- 1 , l 3(f); 

next, o" Q ,o 073,0 maps 

e i-> a _1 /3, /ih»/i, / h-> a/3" 1 / 
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and therefore a a .o ° 073,0 07, a maps 

e onto aj3~ 1 ^/e — cr Q/ 3-i 7 ,5(e), 

h onto — h + af3^ 1 ^Sf = o- a p-i 1 ^(h), 

f onto a~ 1 f3-f~ 1 e - Sh - a(3^ 1 ^5 2 f = a a0 -i lt s(f)- 

(iii) Let a be an automorphism of s[(2, k). Then <r(e) is ad-nilpotcnt. 
Consider first the case that a(e) = e: write cr(/i) = ae + (3h + 7/, a(f) = 
a'e + (3'h + f'f. Then 

e = cr(e) = cr([e, h]) = [e, <x(/i)] = (3e + 7/1, 
ae + /3ft + 7/ - tr(ft) - a([e, /]) = [e, a(f)] = [3'e + j'h. 

This gives (3 = 1, 7 = 0, f3' = ct, 7' = (3. Furthermore, 

a'e + h + if = a(f) = a([h, /]) = [a(h), a(f)} = o?e + ah - a'e + /, 

and this gives 2a' = a 2 . As a result, a = exp(ad (ae)) = o a l a by (ii). 

Now consider the general case: write a(e) — ae + f3h + jf . If a = 0, then (1) 
implies (3 — 0. In this case cr(e) = 7/ = (T 7 .o(e), and according to the previous 
case we have for some S e k (applying (ii)) ct~q o er = fT 10 o a is . Then 

If 7^ 0, then (1) implies 7 = — a^ 1 f3 2 , whence 

a(e) = ae + [— aT x l3f, ae] — [— a~ [3f, {—a~ 1 [3f, ae]] 

= exp(ad (— a~ 1 f3f))(ae) = (cxp(ad (— a~ 1 {3f)) o a\.o){af) 
= (a lfi o exp(ad (-a -1 (3e)))(af) = <Ji- a -i0(af). 

The previous case gives for some S G k 

= (T i.-a- 1 i3 c a ,<5. 

□ 



Proposition 3.5 Let k be a finite field of characteristic 3 and (e, h, f) an st(2)- 
triple. For any linear mapping \ ■ s[(2, k) — > k write \ — (x(e), x(h), x(/))- ^fte 
Auts[(2, k)-orbits of the set of nonzero irreducible 3- dimensional characters are 
in 1- 1- correspondence with 

(1, 0, £) where £ e /c allows a solution of T 3 + T 2 = £ in A:. 

Proof. (1) Note that Autsl(2,fc) acts on the space of all linear forms by 
(cr • x)(x) = x(c -1 (a;)). In order to determine orbits we have to compute (cf. 
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Proposition ^. 4|) the following 

o- Q ,/3(e) = af, 

Va,p{f) = a~ 1 e - (3h - a(3 2 f; 
^i.fi o cr 7 ,<5(e) = &i,p(jf) = 7(e -fih- (3 2 f), 

<n,0 o a 1>s (h) = <r hP (~h + jSf) = -(-h + (3f) + 7 <S(e -0h- (3 2 f), 
= jSe + (1 - I3j6)h -(/3 + (3 2 j5)f, 

0"i,/3 o a lt s{f) = o'i )i g(7 _1 e — 6h- 7<5 2 /) 

- 7- 1 / - *(-A + 0/) - 7 <5 2 (e - /% - /? 2 /) 

= - 7 <5 2 e + (5 + (3j5 2 )h + (7- 1 -135 + (3 2 1 5 2 )f. 

Therefore the orbit of a nonzero character \ = ( r iSit) consists exactly of all 
characters 

(at, —s + aflt, a~ l r — [3s — a(3 2 t), a G k* , [3 £ k, 

( 7 (r - (3s - f3 2 t), j5r + (1 - faS)s -((3 + (3 2 1 5)t, 

- 7 <5 2 r + (5 + f3~f5 2 )s + (7- 1 -(35 + (3 2 j5 2 )t), 7 S fc*, /3, 5 e fc. 

Since one of r, s, f is nonzero, there is a choice of a, (3 for which a r— (3s— a(3 2 t ^ 
0. Therefore the Autsl(2, fc)-orbit of a nonzero character x contains a character 
X 1 = (r',s',t r ) with t' ^ 0. Then we choose a := t' -1 , /3 := s' and obtain a 
character (1,0,0 in this orbit. 

(2) Next we determine when characters (1,0,0 and (1,0,0 are in the same 
orbit. 

If (1,0,0 = ^ • (1,0,0, then (!) im P lies 

at = 1, a(3£ = 0, a- 1 - a(3 2 £_ = 

This gives /3 = and £' = a" 1 = £. 

If (1,0,0 = kfl"^)" 1 ' (1,0,0, then (!) S ives 

7(1 - (3 2 = 1,j5-((3 + /3 2 7 <5)£ = 0, -7S 2 + (7- 1 -(35 + /?V 2 K = 

These equations imply 

7(1 - /3 2 = 1, K = s, 

f = -7^ 2 (1 - /9 2 + (1 - /? 2 0C - £ 2 
= -5 2 + £ - /3 2 £ 2 - <5 2 = £ 

(3) We have to determine those £ for which there is a 3-dimensional irreducible 
s[(2, /c)-module V having character (1,0,0- ^ l* e suc h a module with rep- 
resentation p. Then 

p(e) 3 =Id, p(hf=p(h), p(/) 3 = £ 3 Id. 
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We observe that p(h) is a semisimple endomorphism and has all eigenvalues 
contained in F3. Choose an eigenvector vq with p(ft,)-eigenvalue /1 £ F3. Since 
p(e) is invertible, one has that Vq, p(e)vo, p(e) 2 Vo are nonzero eigenvectors for 
p(h) with respective eigenvalues p, 2 + p, 1 + p. Thus these vectors are linearly 
independent and span V. Substituting vq by one of the others we may assume 
p = 0. Considering eigenvalues one obtains that p(f)v = Xp(e) 2 vo for some 
A £ k. One computes 

p(f)p( e ) v o = -p(h)v + \p{efv Q = Au , 
p(/)p(e) 2 «o = -p(h)p(e)v + p(e)p{f)p(e)v = (-2 + X)p(e)v . 

Then £ 3 Id = p(f) 3 = A 2 (— 2 + A)Id. Since k is perfect, one finds k £ k satisfying 
K 3 = A. Then k solves the equation T 3 + T 2 = £. 

Conversely, if the equation in question is solvable with solution k, then the above 
exposed action defines a module action, and the module clearly is irreducible. 

□ 

4 Nonsolvable Lie algebras of dimension 4 and 
5 

In this chapter we determine the algebras mentioned in the title. 

Theorem 4.1 Let L be a nonsolvable Lie algebra of dimension 4 over a finite 
field k of characteristic p. 
If p = 2, then 

Le{W(l;2), f(l;2)WffiC(I)}. 

Ifp>3, then 

Lsi a i(2,k). 

Proof. Note that dimrad(L) < 1. 
(1) Consider the case p = 2. 

If rad(i) = {0}, then L is semisimple. Theorem 12.41 in combination with 
Theorem EOl shows that L C Der W(l; 2)«, whence L = kd®W{l;2) {1) for 
some d G kd 2 + kx^d fProDOsition l3.3|l . There is nothing to prove if d £ kx^d. 
Otherwise put d = a'd 2 + choose a, [3, 7, S according to 

7 2 = a', 5 2 =/3',a = 0, /3 7 = 1. 

The automorphism a mentioned in Proposition 13. 3f 2) coming with this choice 
maps x^d — jdxd onto d. Then o-^ 1 (d) — x^d - jSxd and d^ 1 (L) = W(l;2). 

If dimrad(L) = 1, then L/rad(L) = W(l;2)^ ( Theorem EH)l . The perfectness 
of this algebra shows that rad (L) = C(L). Choose an inverse image h' oixd and 
inverse images e,foid and x^d which are (ad /i')-eigenvectors, respectively, 
and set h := [e, /] . Note that ad h = ad h'. It is easily seen that ke + kf + kh is 
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a 3-dimensiona! subalgebra, hence an ideal of L. It is clear that fee + kf + kh = 

W(i;2)W. 

(2) Consider the case p > 3. Theorem 12.41 shows that there are no semisimple 
4-dimensional Lie algebras, and therefore L is an extension of st(2, fc) by a 1- 
dimensional center. This extension splits (by the same argument used in (1)). 

□ 

Theorem 4.2 Let L be a nonsolvable Lie algebra of dimension 5 over a finite 
field k of characteristic p = 2. Then L is one of the following. 

1. DerW(l;2)W; 

2. W(l;2) x rad(L), w/iere [W(l;2)W,rad (£)] = {0} and 

rad(L) = feu, [a; (3) <9, u] = Su, 6 G {0, 1}; 

3. W(l;2)( 1 ^ © rad (L) zs i/ie direct sum of ideals, and 

rad (L) = fcft © feu, [/i, u] = <5u, (5 <E {0, 1}. 

27ie exposed Lie algebras are mutually nonisomorphic. 

Proof. (1) If rad (L) = {0}, then Theorem l2.4l in combination with Theorem l3.2l 
shows that L C DerW(l; 2) (1) , while PropositionEHIprovcs that DearW(l;2)W 
is 5-dimensional. Then X = DerW(l;2)W. 

(2) Suppose dimrad(L) = 1. Set rad (X) = feu. Theorem 14.11 shows that 
L/rad(L) = W(l;2). Let Q denote the inverse image in L of the subalgebra 
W(l;2)^\ This is a 4-dimensional ideal containing the radical of L, whence by 
Theorem IP 

Q = W{1;2) {1) ©C(Q), C(Q)= rad (i). 

Write L = Q © kd, observe that Q« W(1;2)W. Then Q« + fed is a 4- 
dimensional subalgebra of L. If it would have a nontrivial center, then we 
would have dim rad (L) = 2. As this is not the case, Theorem 14.11 shows that 
+ kd = W(l;2). The case that x^d acts trivially on rad (L) is listed in 
the theorem. Otherwise [x^ 3 W,u] — Xu ^ 0. Set in Proposition ^. 31 = 7 = 0, 
5 2 = A -1 , a5 = 1. The automorphism coming with this choice maps a;( 3 )<9 onto 

(3) Suppose dimrad(i) = 2. Theorem 1331 shows that L/rad(L) = W(l;2) (1 ). 
If rad (£) is abelian, then Proposition 13.3( 3) proves that rad (L) is a trivial 
L/rad (L)-module. If rad (L) is not abelian, then rad (L) = kh®ku with [h, u] = 
u. In both cases L has a 1-dimensional ideal ku. Applying Theorem 14. II twice 
we see that L/ku = W(1;2)W © kz splits and then that the inverse image of 
W(1;2)W in L also splits. Hence L has an ideal P isomorphic to W(1;2)W. 

(4) In all listed cases L has a unique perfect ideal L&> = W(l;2) (1) , and the 
algebras in question are distinguished by dim rad (L) and L/L^ 2 \ □ 
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Theorem 4.3 Let L be a nonsolvable Lie algebra of dimension 5 over a finite 
field k of characteristic p > 3. The following occurs. 

1. p = 5 and L = W(l;l); 

2. L = P Y\ rad (L), where P = sl(2, k), and 

(a) rad(L) = C(L), or 

(b) rad (L) = kh®ku with [h, u] = u, [P, rad (£)] = {0}, or 

(c) rad (L) is abelian, rad(L) = V(l) is the irreducible 2- dimensional 
P -module; 

3. p = 3, and L is a nonsplit extension — + V(l) — * L — ► st(2, fc) — > 0; more 
exactly, L has a basis (e,h,f,Vo,Vi) with multiplication 

[h,e] = -e + vi, [h,v ]=v , [e,v ]=Q, [f,v ]=v 1 , 
[h,f] = f, [h,v 1 ] = -v 1 , [e,vi]=v 0) [f,Vi]=0, 

[e,f] = h, [vo,vt] = 0. 

The exposed algebras are mutually nonisomorphic. 

Proof. (1) Theorem 12.41 shows that there is exactly one 5-dimensional semisim- 
ple Lie algebra, namely W(l;l_) in case p = 5. 

(2) Consider the case that rad (L) ^ {0}. There is no semisimple Lie algebra of 
dimension 4 ( Theorem 14. \\ . Therefore dimrad(L) = 2 holds. Suppose rad(L) 
contains a 1-dimensional ideal ku of L. Applying Theorem 14 . II twice we see that 
L/ku = g[(2, k) splits and then that the inverse image of s[(2, k) in L also splits. 
Hence L has an ideal isomorphic to sl(2, k), which annihilates rad(L). Being a 
2-dimensional algebra rad [L) is of the required form. 

(3) Next suppose that rad (L) is i-simple. Then rad (L) is abelian, and L/rad (L) 
acts on rad (L) as an st(2, k) fTheorem l3.2|l . There is only one isomorphism class 
of irreducible s[(2, /c)-modules of dimension 2 in characteristic p > 2, given by 
V(l) = kv © kv x and 

[h,Vo]=v 0> [h,vi] = -vi, [e,u ]=0, [f,v ]=v 1 , [e ) Vi]=v 0) [/,ui]=0. 

If the extension — > V(l) — > L — > st(2, fc) — > splits, then we are in case 2.(c) 
of the theorem. So assume that the extension does not split. Choose an fi[(2)- 
triple (e, h, f) in L/rad (L) and let h be an inverse image of h in L. li p > 3, 
then L decomposes into 1-dimensional /i-root spaces 

L = L-2 © L-i ®L ®L 1 ® L 2 , rad (L) = L_ a © Li, 

and L_2©ioffii2 is a subalgebra isomorphic to sl(2, fe). But then the extension 
splits, which is not true in the present case. Therefore p = 3, and L decomposes 



L = L-i © L a © L\, L = kh, v\ £ L_i, w G Li. 
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Choose inverse images e S L^\ and / G L\ for e and /, respectively. Then there 
are a, (3 £ k such that 

[h,e] = -e + avi, [h, f] = f + (3v . 

The nonsplitting of the sequence means a ^ or f3 ^ 0. Intertwining e, / and 
wo,«i if necessary gives a ^ in any case. If /? = 0, then we set v' := av , 
v[ := av\. 

Otherwise we choose A € k with A 3 = a/3 -1 and set 

e' := A/ + X/3v - X 2 f3 Vl , h':=-h + Xf, f := A _1 e - /i - A/ + X/3v , 
v[ := \~ 1 v + vi, v' := v\. 

Then 

[e', /'] = [/, e] - X[f, h] + X 2 f3[f, v ] + (3[v ,e] - X(3[v , h] - X 2 p[v , /] 
- Xf3[ Vl , e] + X 2 (3[ Vl , h] + X 3 f3[ Vl , /] 
= -h + X(f + 0vo) + X 2 f3v x + Xf3v + X 2 (3v x + X(3v + X 2 f3v x 
= -h + Xf = ti, 

[ti, e'} = -X[h, f] - Xf3[h, v ] + X 2 (3[h, Vl ] + X 2 (3[f, v ] 
= -X(f + 0vo) - Xf3v - X 2 f3 Vl + X 2 /3 Vl 
= (-A/ - Xf3v + X 2 p Vl ) - (Xf3v + X 2 f3v x ) 
= -e' - X 2 f3v[, 

[ti, f] = -X-'lh, e] + X[h, f] - X/3[h, v ] + [/, e] - X[f, h] + X 2 (3[f, v ] 

= -A-^-e + avx) + X{f + (3v ) - Xf3v -h + X(f + (3v ) + X 2 f3v 1 
= X~ l e - \- l {X z [3) Vl + Xf + Xf3v - X(3v -h + Xf + Xf3v a + A 2 /3«i 
= X- 1 e + 2Xf -h + X(3v = /'. 

This shows that (e', h! , /') is an sl(2)-triple, and with this choice we are in the 
former case. 

(4) The properties of the radical distinguishes all algebras mentioned in cases 
1 and 2. It remains to show that the algebra mentioned in case 3 is in fact 
nonsplit. So assume on the contrary that it is isomorphic to an algebra P x V(l) 
where P = s[(2, k). Let (e', ti , /') denote the projections of (e, h, /) into P with 
respect to this decomposition. The multiplication of L/rad (L) = P shows that 
(e', ti, /') is an s((2)-triple in P. Write 

e = e' + a v + ctivi, h = ti + (3 v + fcvi, / = /' + 7o«o + 7i«i- 

Since ad(/?oUo — f3\Vi) lyP+1 ^ 2 — 0, we have that exp(ad(/3oWo — PiV\)) is an 
automorphism of L. One has exp(ad (/3o«o — PiV\)){h) = h — f3 v — (3iVi = ti. 
We therefore may assume that h = ti. Then 

-e + vi = [h, e] = [ti, e'] + a v - aiVi = -e' + a Q v - aiVi = -e + 2a v , 
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a contradiction. □ 

As a result, there are exactly the following numbers of isomorphism classes 
of nonsolvable Lie algebras over a hnite held 





dimL = 3 


dim L = 4 


dimi = 5 


p = 2 


1 


2 


5 


P = 3,5 


1 


1 


4 


p > 5 


1 


1 


3 



In order to determine the 6-dimcnsional Lie algebras in the next section we 
have to derive some subsidiary results. 

Proposition 4.4 Let p = 3, and L\ he the nonsplit extension — > V(l) — > 
L — > sl(2, fc) — > mentioned in Theorem \4 ■ S}[ 3 ) . Then DerLi is 7-dimensional 
and has a basis (di,d2,e,h,f,Vo,Vi) with multiplication 

[h,e] = -e + vi, [h,v ]=v , [e,u ]=0, [f,v ]=v 1 , 

[h, f] = /, [h, vi] = -vx, [e, vt] = v , [/, vx] = 0, 



[e,/] = ft, [i>0i«i] = 0, 



di(e) = Vx, dx(h) = dx{f) = di(vo) = = 0, 

= wo, d2(/i) = rf2(e) = ^2(^0) = d 2 (vx) = 0. 

Proof. Let (e, ft, /, i>o, «i) denote the basis of Lx mentioned in Theorem l4.3f 3h 
and let D denote any derivation of L\. Note that rad (Lx) + -D(rad (Lx)) is an 
ideal of Lx of dimension < 2 dim rad (Lx) = 4 < dimLi. But rad (Lx) is the only 
proper ideal of L\. Therefore D(tad(Lx)) C rad(Li) holds. Then D induces a 
derivation of Li/rad (ii) =sl(2,k). All derivations of this algebra are inner. We 
therefore may assume that D(Lx) C rad (Lx). Put D(h) = a n vo +otxVx- Setting 
D 1 := D + a,d(aoVo — a\Vx) gives D'(h) — 0. Considering (ad ft)-eigenvalues one 
obtains 

D'(e) = pxvx, D'(f) = p v , D'(v % ) = lt v t (i = 0, 1). 

Then 



= D'([h, e}) - D'(-e + v x ) = [h, D'(e)] + D'(e) - lx vx = -7i«i. 
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whence 71 = 0. Next, 

7o i;o = D'(v ) = D'dcvt]) = [D'(e), Vl ] + [e,D'{v x )] = 0, 
hence 70 = 0. Then D' = (3 x d x + (3 d 2 . 

On the other hand, it is not hard to see that d\ and di as given in the proposition 
are derivations. □ 

Proposition 4.5 Let p = 3, and L\ be the nonsplit extension — > V(l) — > 
L — > sl(2,k) — * mentioned in Theorem \4-S\f 3). There are up to algebra iso- 
morphisms exactly 3 central extensions 

Q^k^L^Lx^O, 

namely every such algebra L has a basis (e, h, f, Vq, Vi, z) with multiplication 

[h,e] = -e + vx, [h,v }=v , [e,v ] = az, [f,v ]=Vi, 

[h,f] = f, [h,vi] = -v 1 , [e,vi] = v , [/>i] = 0, 

[e,f] = h, [v o ,vi]=0z, 
where one of the following occurs 

a = fi = Q; a = 0, f3 = 1; a = 1, (3 = 0. 

Proof. Let kz denote the 1-dimensional center of L. By assumption, L has a 
basis (e, h, /, vq, v\, z) with multiplication 

[h ) e] = -e + vi, [h,v ]=v , [e,v ]=az, [f,v ]=Vi, 

[h,f]=f, [h,vi] = -vi, [e,vi]=v , [f,v 1 ]=jz, 

[e,f] = h + Sz, [v ,v-l]= J3z. 

Suppose (3^0. Adjusting z we may assume (3=1. Substitute e' := e + av\ to 
obtain a = 0. 

Suppose (3 = 0. Then a — 0, or a ^ 0, in which case we set z' := az to obtain 
a = 1. 

Finally, set h' := h + Sz to obtain (5 = 0. We compute 

= [h, [e, /]] = [[ft, e], /] + [e, [fc, /]] = [-e + v u f] + [e, f] = [ Vl ,f] = - 7 z. 
This gives 7 = 0. 

We show that the exposed algebras are nonisomorphic. The radical of L is 
nonabelian, if and only if (3 = 1. Next suppose (3 — 0. Then L/rad(L) acts on 
rad (L), and rad (L) is an indecomposable module if and only if a =^ 0. □ 



5 Nonsolvable Lie algebras of dimension 6 

Dimension 6 is the lowest dimension for which parameter depending families of 
nonsolvable Lie algebras occur. Even more we face the fact that the occurrence 
of nonrestricted 3-dimensional modules (for p = 3) gives rise to a rather long 
list of isomorphism types. 
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Theorem 5.1 Let L be a nonsolvable Lie algebra of dimension 6 over a finite 
field k of characteristic 2. One of the following occurs. 

1. dimrad (L) = : 

(a) L = W(1;2)W © W(l;2)«; 

(b) L = VK(1;2)W ® fc C(L), where C(L)/k is a field extension of degree 
2; 

2. dimrad (L) = 1 : 

L = DerW(l;2)W xrad(L), where [W(l; 2), rad (£)] = {0} and 

rad (L) = feu, [<9 2 , u] = fot, <5 G {0, 1}; 

5. dimrad (L) = 2 : 

L = W(l;2) x rad(£), w/iere [W"(l;2) (1) ,rad(Z)] = {0} and 

rad (L) — kh(B ku, [h, u] = Su, 5 £ {0, 1}, 

and 

(a) if 6 — : the action ofx^d on rad (L) is given by one of the following 
matrices 



o o W o l \ i o / i i \ ( o t 

/ '^ / ' ^ 1 J ' y 1 J ' \ 1 1 

(b) if 8 = 1: 

[x {3) d, h] = 0, [x^d, u] = S'u, 5' e {0, 1}. 

4- dimrad (L) = 3 : 

(a) L = W{1;2)^ © rad (L) is the direct sum of two ideals, and rad (L) 
is given by Provosition Iff. 11 

(b) L = W(1;2)W x C(l;2)/fc is </ie semidirect sum of a subalgebra 
= W(1;2)W and the abelian ideal rad (L) = £>(l;2)/fc. 

(c) L is the nonsplit extension -> 0(l;2)/fc -> L -> W(l;2) (1) -> 0; 
more exactly, L has a basis (e, h, f, v\, v 2 , v 3 ) with multiplication 



[h,e] 


= e + v 3 , 


[h,vi] 


= Vi, 


[e,vi] 


= o, 


[f,Vl] 


= v 2 


[hj] 


= /, 


[h,v 2 ] 


= 0, 


[e,v 2 ] 


= Vi, 




= v 3 


[ej] 


= h, 


[h,v 3 ] 


= v 3 , 


[e,v 3 ] 


= V2, 


[fM 


= 0, 



[vi,Vj] = 0. 



The exposed algebras are mutually nonisomorphic. 
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Proof. (1) Consider the case rad(L) = {0}. This case is covered by Theorems 
12.41 and 13.21 The following can occur. 

(a) L = L\ © L 2 , where Li,L 2 are 3-dimensional simple. These algebras are 
isomorphic to W(l;2)^h 

(b) C(L)/k is a field extension of degree 2 and L is 3-dimensional simple over 
C{L). Then L is C(£)-isomorphic to W(1;2)W. Choose the C(L)-basis (e := 
d, h := xd, f := x^d) of L, which by definition satisfies the equations 

[e,h]=e, [ej} = h, [h,f] = f. 

Put V := fee© kh® kf, which is a Lie algebra over k isomorphic to W(1;2)W. 
Theni^L' ® k C{L). 

(2) Consider the case dimrad(i) = 1. Let 7r : L — > L/rad(L) denote the 
canonical homomorphism. Then tt(L) is described in Theorem 14.21 As 7r(L) 
is semisimple, only n(L) = DerW(l;2)W is possible. This algebra contains a 

3- dimensional ideal Q isomorphic to W(1;2)W. Set Lq :— 7r~ 1 (Q), which is a 

4- dimensional ideal of L with 1-dimensional radical. Theorem 14. II yields 

L Q = Pffirad(L), 

where P is an ideal of Lo isomorphic to ^(l;^)' 1 ). There is a vector space 
decomposition 

L = kdi © kd 2 © P © few, 

where P = Lq 1 '' is an ideal of L, ku = rad(L), [P,u] = {0}, and (as n(L) = 
Der W(l; 2)( 1 )) there is an isomorphism 

a :kd 1 ®kd 2 ® P = Der W(l; 2) (1) . 

We have to determine the action of d\ := a" 1 (d 2 ) and d 2 := cr _1 (a;^ 3 ^9) on the 
1-dimcnsional ideal ku. There are r, s 6 k not both such that 

[rdi + sd 2l u] = 0. 

Note that o~~ 1 (xd) € P*- 1 -* annihilates u. Since k is a perfect field of character- 
istic 2 one can choose a,(3,j,6 £ k for which 

7 2 = r, 5 2 = s, a(S + /?7 = 1. 

Proposition 13.31 shows that there is an automorphism of DerW(l;2)^ which 
maps x^d onto r<9 2 + jSxd + sx^d. Since [cr" 1 (r9 2 + jSxd + sx^d), u] = 0, 
we may assume [d 2 , u] = 0. 

Next let [di, u] = tu for some t G fc. If £ 7^ 0, choose a G k with a 2 = t -1 , set j3 = 
7 = 0, S = a -1 . With this choice there is an automorphism of Der W(l; 2)W 
which maps <9 2 onto t~ x d 2 and W(l; 2) onto W(l;2). Therefore we may assume 
t = 1 in this case. 

(3) Consider the case dimrad(L) = 2. As before, let ir : L — » L/rad(L) denote 
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the canonical homomorphism. As n(L) is 4-dimensional and semisimple, only 
7r(L) = W(l; 2) is possible fTheorem l4.1|) . This algebra contains a 3-dimensional 
ideal Q isomorphic to W-^l;^ 1 ). Set Lq := n^ 1 (Q), which is a 5-dimensional 
ideal of L with 2-dimensional radical. Theorem 14 . 21 yields that Lq = P©rad (L) 
is the direct sum of ideals P and rad(L), where P = W{1\T)^ and 

rad (L) = kh® ku, [h, u] = Su, S <E {0, 1}. 

One has a vector space decomposition 

L = fed© P© rad (L), 

and there is an isomorphism a : kd © P = W(l; 2) (since ir(L) = W(l;2)). 
Note that P = (fcd©P) (1) = W(1;2)W under this isomorphism. We have to 
determine the action of d := a^ 1 (x^d) on rad (L) — kh © ku. 

(a) Consider the case 5 = 0: Let x = T 2 +aT+fl be the characteristic polynomial 
of d acting on the abelian Lie algebra rad(L). If a ^ 0, we may adjust x^ 3 'd 
by a nonzero scalar using Proposition 13.31 as in former cases to obtain a — 1 . 
Similarly, if d has a nonzero eigenvalue on rad(L), then adjusting x^d by a 
nonzero scalar we may assume that 1 is an eigenvalue. This means that we may 
assume 

X e {T 2 , T 2 + l; T 2 + T + f3, (/? 6 k)}. 

If x = T 2 , we may choose a basis (u, v) of rad (L) such that [d, u] = [d, v] = 
or choose a basis (m, w) of rad (L) such that [d, v] = u, [d, u] = (describing the 
cases that c? acts semisimply or not on rad (L)). 

If x — T 2 + 1 5 w e similarly may choose u, v such that [d, u] = u, [d,v] = v or 
choose w, u such that [d, u] = u + v, [d, u] = u. 

Suppose x — T 2 + T + j3. If all nonzero vectors arc eigenvectors, then they 
are eigenvectors for the same eigenvalue r, and x = {T — r) 2 = T 2 + r 2 holds. 
This is not the requested form for x m this case. Therefore there is a vector u 
which is not an eigenvector. Then we may choose a basis (u, v := [d, u]), and 
[d,v] = (add) 2 (u) = (3u + v holds. Set ^ := (3. 

(b) Consider the case 5 = 1: Then (rad(L))< 1 ' = ku is an ideal of L. Set 
[d, h] = ah + flu and [d, u] = ju with a, (3, 7 G /c. Then 

71* = [d, it] = [d, [/i, u]] = [ah + /3u, u] + [h, ju] = (a + 7)^. 

Therefore a = 0. Substituting d by d + flu (these elements act identically on 
WXl;2)W) one obtains fl = 0. We may as in former cases adjust a;( 3 )<9 to obtain 
7G{0,1}. 

(4) Consider the case dim rad (L) = 3. Observe that L/rad(L) is 3-dimensional 
semisimple. Theorem I5~2l yields L/rad(L) ^ W{l;T} (1) - 

(a) Suppose rad (L) contains an ideal I of L different from {0} and rad (L). Let 
7r : L — » L/7 denote the canonical homomorphism. Note that 7r(L)/rad7r(L) = 
W{1;2) {1) - As dim7r(L) e {4,5}, Theorems IP and IP show that tt(L) = Q © 
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rad(7r(L)) is the direct sum of ideals where Q W(1;2)W. Set L := 7r _1 (Q)- 
Then dimio € {4, 5} and Lq is an ideal of L with radical / of codimension 3. 
Theorems Q and IO yield L = P©/, where P = W(1;2)W is an ideal of L . 
Since both rad(L)//, / have dimension less than 3, Proposition 13 . 31 yields that 
P annihilates rad (L). Then P is an ideal of L. 

(b) Now suppose that rad (L) contains no ideal of L properly. In particular, 
it is abelian, and L/rad(L) = W(1;2)W acts on rad (L) irreducibly. The only 
faithful 3-dimensional module of W(l;2)^ has been described in Proposition 
13.31 It is isomorphic to C(l;2)/fc. If the extension 

-» 0(1; 2)/fc -> L -> W(1;2)W 

splits, then L = VF(1;2)W X C(l;2)/fc. 

(c) Finally assume that rad(L) = 0(l;2)/fc is abelian and the extension 

-> 0(l;2)/fc -> L -> W(1;2)W -> 

does not split. Let n : L — * W{1;2)^ denote the canonical homomorphism. 
Choose a basis (e, h, /, v\, v 2 , U3) of L such that 

e := d, h := xd, f := x^d, Vi := x + k, v 2 := x {2) + k, v 3 := x (3) + k, 

and e, / are (ad ft.)-root vectors. These elements multiply as follows 



[h,e] 


= e-f 


- + 03^3, 




= 0, [f,vi] 


= «2, 


[h,vi] 


= Vi 


[h,f] 


= /- 


f fitVl + /3 3 U 3 , 




= n, [f,v 2 ] 


= "3, 


[h,v 2 ] 


= 0, 


[e,f] 


= /H 


"72^2, 


[e,«3 


= V2, [f,V 3 ] 


= 0, 


[h,v 3 ] 




Moreover 


















= 


[ft, [e, /]] = [e - 


- aiui + 


"3^3,/] + [e,/ 












/i + aiU2 + h H 


- /3 3 «2 = 


(ai + /3 3 )^2, 









whence 



Next let r,s £ k and set 

e := e, 
ft' := /i- 
/' := / 
It is not hard to compute 

[e',v[]=0, 
[e',v' 2 ]=v' 1 , 



rv 2 , 
■ se, 



= 0, 



u 2 , 



u 3; 



V 3 + SVi. 



[h',v' 1 ]=v' 1 , 
[h',v' 2 ] = 0, 
[h',v' 3 ]=v 3 , 



(5.1) 
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and (adh' - Id) 2 (e') = (adti - ld) 2 (f) = 0. In addition, 

W, /'] = [h,f + se] + [rv 2 ,f + se] 

= (f + PiVi + f3 3 v 3 ) + s(e + ctiVi + a 3 v 3 ) + rv 3 + srvi 

= f + se + (so-i + p\ + sr)vi + (sa 3 + (3 3 + r)v 3 

= f' + ((sai +/3i + sr) + s{sa 3 +(3 3 + r))v[ + (sa 3 +(3 3 + r)v' 3 . 

If a 3 7^ 0, then solve the equations 

s 2 = a^ 1 Pi, r = sa 3 + (3 3 . 

One gets sa 3 + (3 3 + r — and because of equation (5.1) 

sai + fix + sr = sa\ + 01 + s(sa 3 + f3 3 ) = fix + s 2 a 3 = 0. 

Therefore we obtain in this case [h', /'] = /'. 

If a 3 = 0, set r = ot\ and s = 0. Then [h' ', e'] = e' holds, and interchanging /' 
with e 1 and v[ with v' 3 again gives [h', /'] = /'. Using equation (5.1) one obtains 
in both cases a multiplication 

[h',e']=e' + av' 3 , [h',f']=f, [e\ /'] = h' + jv' 2 . 

Next, set /" := /' + 71^, h" := ti, e" := e', and obtain [e", /"] = h". Since the 
sequence does not split by assumption, one has Now set 

v" := av{, v'l :=av' 2 , v' 3 ' := av' 3 

to obtain a = 1. 

(5) It remains to show that the listed algebras are nonisomorphic. It is clear 
that we only have to discuss algebras within the same number 1-4. 

(i) The algebra of l.(a) is nonsimple, while that of l.(b) is so. 

(ii) The algebras in 2. have a unique minimal simple ideal 14^(1; 2)W, and the 
quotient L/W(l; 2)W is abelian if and only if 6 — 0. 

(iii) The algebras in 3. have a unique minimal simple ideal W(1;2)W, and 
L/W(l; 2)^ is 3-dimensional solvable. In addition, they have abelian radical if 
and only if S = 0. Apply the nonisomorphism claim of Proposition 13. II for the 
cases 5 = and 6 = 1 separately. 

(iv) The algebras mentioned in 4. (a) and 4.(b) are obviously not isomorphic. It 
remains to show that the algebra mentioned in (c) in fact is nonsplit. In order 
to do so we assume that L has a basis and multiplication as listed but contains 
a subalgebra P ^ W(1;2)W. Then L = P x rad (L). Let (e', ti, /') denote the 
projections of (e, h, f) into P. The multiplication of L/rad (L) shows that 

[ti,e']=e', [tij']=f, [e',f] = ti. 
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Write 

e = e +a 1 v 1 +a 2 v 2 +a 3 v 3 , h = h' +f3iVi+f3 2 V2+(33V 3 , / = f' +1iVi+j 2 v 2 +j 3 v 3 . 
Then 

e + v 3 — [h, e] = [h' + /3iVi + f3 2 v 2 + (3 3 v 3 ,e' + a\Vt + a 2 v 2 + a 3 v 3 ] 
= [h! , e] + [fiivi + f3 2 v 2 + (3 3 v 3 , e] + [h! , ociVi + a 2 v 2 + 
= e' + (3 2 vi + f3 3 v 2 + aivi + a 3 ti 3 
= e + a 2 v 2 + (3 2 v\ + (3 3 v 2 , 

a contradiction. □ 

When char(k) > 2, we have to split the investigation into several cases. 

Theorem 5.2 Let L be a nonsolvable Lie algebra of dimension 6 over a finite 
field k of characteristic p > 3. Assume dimrad(L) < 2. Then dimrad(L) < 1 
and one of the following occurs. 

1. dimradL = : 

(a) L = sl(2, k) © s[(2, k); 

(b) L = sl(2,C(L)), where C(L)/k is a field extension of degree 2; 

2. dim rad L = 1 : p = 5 and 



The exposed algebras are mutually nonisomorphic. 

Proof. (1) The case rad (L) = {0} is covered by Theorems |2~1 and IO The 
following can occur. 

(a) L = L\ © L 2 , where Li,L 2 are 3-dimensional simple. These algebras are 
isomorphic to s[(2, k). 

(b) C(L)/k is a field extension of degree 2 and L is 3-dimensional simple over 
C(L). Then L is C(i)-isomorphic to $1(2, C(L)). 

(2) Suppose dim rad (L) — 1. Then L/rad(L) is 5-dimensional and semisimple. 



(a) L = W(l\V)®C(L); 

(b) L is the nonsplit central extension ofW(l;l), i.e., 



L = ( ©f=_i keA © kz where [L, z] = {0} 



and 




if - l<*+j<3, 
ifi = 2,j = 3, 
ifi = 3, j = 2, 



otherwise. 
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Theorem l4.2l shows that p — 5 and L/rad(L) = 14^(1; 1_). The central extensions 
of the Witt algebra can be found for example in [HJ page 428] (the proof there 
does not at all need an algebraically closed ground field). They are as claimed. 

(3) Suppose dim rad (L) = 2. Then L/rad(L) is 4-dimensional and semisimple. 
However, Theorem 14 . 1 1 shows that no such algebra exists. 

(4) Obviously, there are no isomorphisms among the exposed algebras. 

□ 

If rad (L) is at least 3-dimensional, a great variety of algebras does occur 
(mainly for p = 3). Since no Lie algebra of dimension less than 3 is semisimple 
it can only be that dim rad (L) — 3 in the present case. 

Theorem 5.3 Let L be a nonsolvable Lie algebra of dimension 6 over a finite 
field k of characteristic p > 3. Assume that dim rad (L) = 3 and the extension 

-> rad (L) -» L ^ L/rad (L) -» 

splits. Then L = Px rad (L) is the semidirect sum of a subalgebra P = sl(2, k) 
and the ideal rad (L) , and one of the following occurs. 

1. L = P rad(i) is the direct sum of two ideals, and rad(L) is given by 
Proposition \3.1\ 

2. rad (L) is abelian and completely reducible as a P -module of the form 

^(0)9^(1) or V{2); 

3. rad (L) is abelian, p = 3 and 

(a) rad (L) — V{2,\) for some x S P* described in Provosition \3.5l or 

(b) L = W{V,1) x 0(1; 1), or 

(c) L = W(1;1) x 0(1; 1)*; 

4- rad (L) = V(1)®C(L) decomposes as a P -module and (rad (L)) (1) = C(L) 
is 1- dimensional; 

5. p = 3, rad(L) = 0(1; 1) as a P -module, and [x,x^] = 1, [L, 1] = {0}; 

6. rad(L) = kd® (rad (L))*- 1 ), (rad(L))' 1 ' is 2-dimensional abelian and iso- 
morphic to V{1) as a P-module, and [P,d] = {0}, [d, v] = v Vw S rad(L); 

All algebras listed are mutually nonisomorphic. 

Proof. The present assumption means that L has a subalgebra P = L/rad (L). 
This subalgebra is semisimple and at most 3-dimensional. Therefore Theorem 
13. 21 shows that P = sl(2, k). Moreover, rad (L) is 3-dimensional, and therefore is 
determined by Proposition 13. II We have to describe the action of P on rad (L). 
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The case [P, rad(L)] = {0} is listed as 1. of this theorem. 

Otherwise the simplicity of P ensures that P acts faithfully on rad (L). 

(1) Suppose rad (L) is abelian. 

(i) If the P-module rad (L) is completely reducible, then the following is possible 

rad (L) = V(0) © V(0) © V(0), V(0) © V(l), irreducible. 

In the first case P annihilates rad (L). But we assume that P acts faithfully on 
rad(L). The second case is listed as 2. of the theorem. 

Consider the case that rad(L) is P-irreducible. Recall that C(rad(L),P) is an 
extension field of k, and rad (L) is a vector space over C(rad (L), P). Let d\ de- 
note the fc-dimension of C(rad (L), P) and cfe denote the C(rad (L), P)-dimension 
of rad (L). Then d\d,2 = dirrifc rad (V) = 3. The case d\ > 1 gives c?2 = 1, whence 
P would act abelian on rad(L), a contradiction. Hence d\ — 1, which means 
C(rad(L),P) = k. In the course of section 3 we have mentioned that the P- 
module rad (L) is one of the following. Namely, if p > 3, then it is of type V(2), 
while for p = 3 it is of type V(2,x) for some \ G P* ■ The Auts[(2, fc)-orbits 
of nonzero irreducible characters are ruled by Proposition 13. 51 These cases are 
listed in 2. and 3. (a). 

(ii) If the P-module rad(L) is decomposable, then rad (L) = U\ © U2, where 
Ui,U2 are P- modules and one of these is 1-dimensional while the other is 2- 
dimensional. But 2-dimensional modules are completely reducible, so this is the 
former case (i). 

(iii) Suppose the P-module rad (L) is indecomposable and not irreducible. Then 
there is a submodule U of dimension 1 or 2 and the quotient module has dimen- 
sion 2 or 1, respectively. Therefore passing to the dual module we may assume 
that dim 17 = 1 and rad (L)/U = V(l). 

Set U — kz. Take an sl(2)-triple (e, h, f) of P, choose accordingly a basis 
(woj^i) of rad (L)/U and take inverse images Vq,Vi of these as eigenvectors for 
adh. Then (vq,Vi,z) is a basis of rad(L) and the following equations hold 

[e,v ] = az, [f,v ] = vi, 
[e,Ui]=«o, [f,vi]=/3z, 
[L,z] = {0}. 

We have assumed that the module does not split, so we assume that a 7^ or 
(3 ^ 0. Considering (ad /i)-eigenvalues one obtains p = 3. Intertwining e, / and 
vq, vi if necessary gives a ^ in any case. Adjusting vq, v\ by a gives a = 1. 
Since k is perfect, there is k 6 k satisfying n 3 = j3. Put 

e' := e, h! :— h + «e, f':~f + nh — n 2 e, 

v' Q := wo + kz, v[ := vi + kvq — k 2 z, z' := z. 



[h, e] = 2e, 

[h, n = -y, 

[e,/l = h, 



[h,v ] = v , 
[h,vi] = -vi, 
[v ,vi] = 0, 
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Then (as p = 3) 



[ti,e>] 
[h',f] 
[e'J'} 



2e', 



h'. 



2/ - 2k 2 e + Kh- 2n 2 e 



2(/ + Kh - n 2 e) 



2/', 




V + KZ = Vq, 

V\ + KVq — K? Z = v[, 

V + KZ = Vq, 



[h 1 , v[] = (—vi + kv ) + k(v + kz) = —v[, 

[/', v'{\ = (f3z + kvi) + k(—Vi + kvq) — k 2 (vq + kz) = (fl — k 3 )z = 0. 

This brings us to the case j3 = 0. It is now not hard to see that the linear 
mapping 



is in fact a Lie algebra isomorphism. This case is listed in 3.(b), and the dual 
case is listed in 3.(c). 

(2) Suppose rad (L) is as in case 2 of Proposition 13.11 Then rad(L) has a P- 
composition series {0} C C(rad (L)) C C(rad (L)) + (rad (L)) (1) C rad (L) with 
l-dimcnsional factors. Then P annihilates all these, and therefore P annihilates 
rad (L). But this is not true under our assumptions. 

(3) Suppose rad (L) is as in case 3 of Proposition 13. II Then rad(L) is not P- 
irreducible, but contains a 1-dimensional submodule. With this modification 
the proof of (1) applies verbally, and gives the cases 4 and 5 of the theorem. 

(4) Suppose rad (L) = kd © (rad (L))^ is as in case 4 of Proposition 13. II Then 
d acts invertibly on (rad(L))W and (rad(L))^ 1 -' is 2-dimensional abelian. If 
(rad(L)y 1 ) is not P- irreducible, then rad (L) has a P-composition series with 
only 1-dimensional factors. In this case P annihilates the factors and hence 
annihilates rad(L). But this does not happen under the general assumption. 
Therefore (rad(L))W is P-irreducible. In addition, rad (L)/ (rad (L))^ is 1- 
dimensional, hence it is annihilated by P. Therefore we have that [d, P] C 
(rad(L))^ 1 ). Decompose L into the Fitting components with respect to add. 
As a result of the former deliberations, Li(add) = (rad(L))^ 1 \ Lo(a,dd) = 
L/(rad(L)) (1) = kd® P. This now means that L = Q x (rad(i)) (1) is the 
semidirect sum of a subalgebra Q = kd © P and the ideal (rad(L))' 1 ^. As a 
consequence, [d,P] = {0}. 

Recall that C((rad (L))^, P) is an extension field of k, and (rad (L))^ is a vec- 
tor space over C((rad (L))^, P). Let d\ denote the C((rad (L))^ 1 ', P)-dimension 




t : L 



W(l;l) x 

1, t(v q ) := x, t(vi) : 
d, r(h) := xd, r(f) := 
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of rad (L) and dn denote the fc-dimension of C((rad P). Then 

d 1( i 2 = dim fc (rad = 2. 

The case c?2 > 1 gives d\ = 1, whence P would act abelian on (rad (X))W, a 
contradiction. Hence d% = 1, which means C((rad(L))W,P) = fcld. Note that 
add is contained in C((rad(L))W,P). Then one can adjust d to obtain that d 
acts as the identity on (rad (L))^. This is case 6 of the theorem. 

(5) The set {x 6 L | [x,ia,d(L)} = {0}} is nonsolvable in case 1 and solvable in 
all other cases of the theorem. This observation and properties of the radical 
distinguish all algebras listed in the theorem. 

□ 



Theorem 5.4 Let L be a nonsolvable Lie algebra of dimension 6 over a finite 
field k of characteristic p > 3. Assume that dim rad (L) = 3 and the extension 

-» rad (L) -► L^ L/rad (£) 

does not split. Then p = 3, and i is one of the algebras described in Propo- 
sition \J~5\ or L has a 5-dimensional ideal L\ and a basis (d,e,h,f,Vo,Vi) with 
multiplication 

[h,e] = -e + vi, [h,v ]=v , [e,v ] = 0, [f,v ]=v 1 , 

[h,f] = f, [h,vi] = -vi, [e,v 1 )=v , [f,vi] = 0, 

[e,f] = h, [v o ,v 1 } = 0, 

and 

[d, e]=vi, [d, h] = [d, f] = [d, v ] = [d, vi] = 0, 

or- 
id, f] = v Q , [d, h] = [d, e] = [d, v ] = [d, vi] = 0. 
These algebras are mutually nonisomorphic. 



Proof. The nonsplitting of the extension means that L has no subalgebra iso- 
morphic to st(2, k). 

(1) Suppose rad (L) has an L-composition series with only 1-dimensional factors. 
Let / denote a 1-dimensional ideal and 7r : L — > L/I be the canonical homo- 
morphism. Then tt(L) is 5-dimensional with 2-dimensional radical rad(L)//, 
and this radical is not 7r(L)-irreducible. Therefore w(L) is described in case 2 of 
Theorem l4.3l This theorem shows that n(L) contains a subalgebra P' = s((2, k). 
Then 7r~ 1 (P') is 4-dimensional and isomorphic to gl(2,k) (Theorem 14.10 . As 
a consequence, L contains a subalgebra P = st(2, k). But then the extension 
splits, a contradiction. 
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(2) Suppose rad(L) D I D {0} is an L-composition series with dim/ = 1. 
dim rad (L)// = 2. Note that L/I has an irreducible 2-dimcnsional radical, 
hence is ruled by cases 2(c) or 3 of Theorem 14.31 In case 2(c) L/I contains a 
subalgebra Q = fi[(2, k). The inverse image of Q in L is 4-dimensional. Theorem 
14. II shows that L contains a subalgebra isomorphic to sl(2,k), a contradiction. 
Therefore case 3 of Theorem 14 . 31 applies . Then L is a central extension of L/I, 
and therefore is described in Proposition 14.51 

(3) Suppose rad(L) D I D {0} is an L-composition series with dim/ = 2, 
dim rad (L)// = 1. Note that / is abelian as it is L-irreducible. Theorem 
14.11 shows that L/I = gl(2,k). The inverse image L\ of s[(2,/c) in L is a 5- 
dimcnsional ideal of L. In addition, rad (L) contains an element d so that the 
following holds 

L = kd® L\, rad (L) = kd © /, [d, L] C /. 

(i) Suppose [d,L] 7^ {0}. Then [d,I] = / because / is L-irreducible. Decompose 
L = Lo(add) © Li(add) into its Fitting components with respect to add. Ob- 
viously, Li(add) = I and therefore Lo(add) = L/I = g[(2,fc). But then there 
is a subalgebra P C Lo(add) isomorphic to sl(2, /c), a contradiction. 

(ii) Suppose [d, /] = {0}. If [d, L] — {0}, then L has the 1-dimensional ideal kd. 
This case has been treated in (2). 

Therefore we assume [d, L] / {0}. Since rad(Li) = / is L\ -irreducible, L\ is 
described by cases 2(c) or 3 of Theorem 14.31 But in case 2(c) the extension 
would split. Therefore wc arc in case 3, and L is a 6-dimensional subalgebra of 
DcrLi. The latter algebra has been described in Proposition ^. 41 According to 
that proposition L has a basis (d, e, h, /, vq, vi) with multiplication 

[h, e] = -e + vi, [h,v ]=v , [e,u o ] = 0, [f,v ]=v 1 , 

[Kf]=f, [h,v 1 ] = -v 1 , [e,v 1 ]=v , [f,v 1 ]=0, 

[e,f] = h, [vo,vi] = 0, 

and d = a\d\ + a2d2, whence 

[d, e] = aiv l7 [d, /] = a 2 v , d(h) = d(v Q ) = d(vi) = 0. 

If a.\ — or ct2 — 0, then the algebra is listed in the theorem. Therefore we 
assume aia2 0. Solve the equation 

g 3 = a^ 1 a2, set s :— q 2 , (3 := — otiu^s. 

Then 

s 3 = oti 2 a\, p 2 s — 1, a2S~ 1 f3 = —oti 

hold. Note that L\ = ke ©ker(ad/) 2 and (ad/) 2 (fce) = kf. For x e L± and 
y € ker(ad f) 2 one computes 



[(ad/) 2 (x),(ad/)(j/)] = [(ad/)(x),(ad/) 2 (2/)] =0. 
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Therefore exp(ad/3/) is an automorphism of L\. Set 

e' := exp(ad/3/)(e) =e-0h- (3 2 f, v' := exp(ad/3/)(w ) = "o + 
/i' := exp(ad /3/) (h) = h — (if, v[ := exp(ad/3/)(ui) = i>i, 

/' :=exp(ad/3/) (/) = /, 

and 

D := ctidi + 012^2 + ais^o + a 2 s~ 1 v 1 = d (mod L\). 

Then 

[D, e'] = ct\V\ - a 2 fi 2 v + a\s{j3vQ + (3 2 vi) + a 2 s~ 1 (-v - j3v\) 
= {-OL20 1 + atis/3 - a 2 s~ 1 )v + (ai + oeisfl 2 - ct^s -1 /?)^ 
= s _ (— a 2 — a 2 ot2 1 s 3 ' — a 2 )vo + 3a\V\ = 0, 

[£>, h'} = -a 2 /3v + a\s(—vo + (3vi) + a 2 s~ v\ 

= (otiS — oeis)vo + s~ (— a^a 2 s + a 2 )v\ = 0, 

[D, /'] = a 2 Wo - oi\SV\ = a 2 (v Q - a 1 a 2 ~ 1 svi) = oe 2 v' a , 

[D,v' o ] = [D,v[]=0. 

Therefore the linear mapping kd(B L\ — > fcd2 © £i given by exp(ad/3/) on Li 
and D ^ a 2 d 2 is an algebra isomorphism. 

(4) Suppose rad (L) is i-irreducible. Then it is abelian and is an irreducible 
L/rad (L)-modulc. In the course of section 3 we have mentioned that it is one 
of the following. Namely, if p > 3, then it is of type V(2), while for p = 3 it is 
of type V(2, x) for some linear form \ '■ s '(2> k) — > fc. 

Consider first the case that p = 3 and \ ^ 0. Observe that Z := L/rad (£) = 
sl(2, fc) is a restricted Lie algebra. There is x £ L \ rad (X) such that 

( adi Ld(L)) 3 - ad ^ 3l Ld(L) =X(S) 3 Id rad(L) jtO. 

Choose y £ L for which y — x^, set D := (ad a;) 3 — ady G Deri. Then 

D(L) C rad (L), D(v) = X {xfv ^ Vv G rad (L). 

Decompose L = Lq{D)(&L\{D) into the Fitting components with respect to D. 
The above means L\{D) = rad(i). Then L (D) = L/rad(L) is a subalgebra 
isomorphic to sl(2, k). But then the extension in question splits. 
As a consequence, rad (L) = V{2) as an i/rad (L)-module in all cases. Choose 
an s[(2)-triple (e,h,f) in L/rad(i) and preimages e,h,f such that e, / are 
/i-root vectors. Next choose a basis (vq, v\,v 2 ) of rad (L) so that 





= 2v Q , 


[e, w ] 


= 0, 


[/,«o] 


= Ul 


[Mi] 


= o, 


[e,ui] 


= 2w , 


[i>i] 


= v 2 


[h,v 2 ] 


= -2«2, 


[e,w 2 ] 


= 2«i, 


[/.«2] 


= 0. 



5 NONSOLVABLE LIE ALGEBRAS OF DIMENSION 6 



36 



Since {e,i>o}, {h,v±} and {f,v 2 } span the respective /i-root spaces, one has 

[h,e] = 2e + av Q , [h, f] = -2/ + 0v 2 , [e,f]=h + ~/vi 
for some a,j3, 7 £ fc. Note that 

= [fc, [e, /]] = [2e + owo, /] + [e, -2/ + pv%] = -av x + 2/3v v 
This gives a = 2/3. Set 

e / :=e+( 7 -/3)« , ti:=h + pvi : /':=/. 

Then 

[ft', e'] = (2e + ™ ) + 2(7 - /3)w - 20«o = 2e', 
[h'J'] = (-2f + ^v 2 )-Pv 2 = -2f, 
[e',f} = (h + jv 1 )-(j-/3)v 1 = h'. 

Hence P := ke' + kh' + kf is a subalgebra of L isomorphic to sl(2, A;). Therefore 
this case does not occur. 

(5) We have to show that the exposed algebras are nonisomorphic. The algebras 
of Proposition 14.51 have a 1-dimensional center, while the other algebras listed 
in the theorem are centerless. It has been proved that the 3 types of algebras 
of Proposition 14 . 51 are nonisomorphic. We show that the algebras kd\ © L\ and 
kd 2 ®L\ are nonisomorphic. Suppose on the contrary that there exists an algebra 
isomorphism a : fcdi©Li -> kd 2 ®L v Since (fcdi ©Li) (1) = (kd 2 ©Li) (1) = Li, 
a induces by restriction an automorphism of L\, and therefore it maps the 
unique minimal ideal rad(Li) of L\ onto itself. Set 

cr(rfi) := D = ad 2 + (3$e + j3\h + /3 2 f + 7o«o + 71^1 

and 

A := {x G L\ I [di, x] = 0} = kh + kf + kvo + kv\. 

Then a (A) = {x G L\ [D,x] = 0}. Since rad(Li) C A, the above reasoning 
shows that rad(Li) C cr(A), and this gives fio = Px = (3 2 = 0. Moreover, 
a(A)/iad(L) is 2-dimensional, and therefore there exists an element x G &(A) 
of the form x = Sqc + 8\h ^ 0. We compute 

= [D,x] = [ad 2 + jqv +7i«i,5 e + Sih] = (-70^1 - 71^0 - liSi)v + 71^1, 
whence 

7o#i + 71^0 = 0, 7i5i = 0. 

Both cases 5\ = and <5i 7^ yield 71 = 0. Consequently, D = ad 2 + 70'Uo and 
<j{A) C fee + fc(a/i — 70/) + fc^o + kv\. But since .A is 4-dimensional, this is only 
possible if 70 = 0, 

D = ad 2 , ^{A) — ke + kh + kvQ + kv±. 
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Next we oberve that / G -4 (1) \ rad(Li), and therefore a(f) E a(A)^ \ 
rad (Li) = (fee + kvo + kv\) \ kvo + kv\. Arguing similarly for h we obtain 

<r(/) = Ae + /i uo + Mi«i> ^^0, 
tr(/i) = k/i + A'e + /io«o + Mi^ii K 7^ 0. 

Then 

Ae + hqv q + HiVi = a(f) = a([h, /]) = [a(h), cr(/)] 

= [nil + A'e + fi' v + Mi^i, Ae + fi v + 
= kA(— e + vi) — k\jl\V\ (mod fc^o), 

and this gives k = —1, /ii = —A + /ii. But then A = 0, a contradiction. □ 

Counting the isomorphism classes of this section we obtain the number of 
isomorphism classes of nonsolvable 6-dimensional Lie algebras over a finite field 
k as follows 

p = 2: 15 + 2|fc|, 

p = 3 : 19 + \k\ + |{£ G k | T 3 + T 2 = £ has a solution in fc}|, 

P = 5: 12 + 1*1, 

p>5: 11 + |*|. 
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